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Simulating subsonic viscous flow over a 2D
NACA 0012 airfoil with PyFR on Rescale

Background

Computational Fluid Dynamics (CFD) has undergone
immense development as a discipline over the past sev-
eral decades and is used routinely to complement em-
pirical testing in product design of aircraft, automo-
biles, microelectronics, and several other industries.
The vast majority of commercially available fluid flow
solvers in use today exploit finite difference, finite vol-
ume, or finite element schemes to achieve second-order
spatial accuracy. These low-order schemes have be-
come both robust and affordable due to considerable ef-
forts on the part of their original developers while offer-
ing suitable accuracy for many flow problems.

While second-order methods have become widespread
throughout both industry and academia, there ex-
ist several important flow problems–requiring very
low numerical dissipation–for which they are not well
suited. Most of these flow problems involve vortex dom-
inated flows as well as problems in aeroacoustics, and
solutions to these fluid flow problems are otherwise in-
tractable without the aid of unstructured high-order
methods.

Other situations arise where second-order accuracy
may not lead to an acceptable overall solution. For ex-
ample, a suitable solution error in one variable (e.g. lift
or pressure drag) may lead to an unacceptable solution
error for another (e.g. shear stress). In short, there ex-
ist several fluid flow problems today where it may be
advantageous to use a high-order spatial discretization.
These higher order schemes may offer increased accu-
racy for a comparable computational cost.

Analysis
Description

To help demonstrate running unstructured high-order
simulations across multiple GPU co-processors using
Rescale’s cloud-based HPC infrastructure, the compu-
tation of flow over a NACA 0012 airfoil is simulated for
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viscous subsonic flow using PyFR1. While the sim-
ulation of laminar flow over a 2D airfoil is by no
means novel, configuring the discretized computa-
tional domain with curved mesh elements and solv-
ing via Huynh’s2 Flux Reconstruction framework
together with extension to three dimensions and
sub-cell shock capturing schemes3 describe the cur-
rent state-of-the-art of CFD.

The governing equations are the Navier-Stokes
equations with a constant ratio of specific heats
equal to 1.4 and Prandtl number of 0.72. The vis-
cosity coefficient is computed via Sutherland’s law.
Here only a single flow condition is considered with
M0 = 0.5 and α = 1◦. The Reynolds number,
Re = 5000, is based on the airfoil’s chord length.

The NACA 0012 airfoil is defined in Eq. (1) as:

y = ±0.6(0.2969
√
x− 0.1260x− 0.3516x2

+0.2843x3 − 0.1015x4)
(1)

where x ∈ [0, 1]. The airfoil defined using this equa-
tion has a finite trailing edge of 0.252%. Various
ways exist in the literature to modify this defini-
tion such that the trailing edge has a zero thick-
ness. Here, one which modifies the x4 coefficient is
adopted, such that

y = ±0.6(0.2969
√
x− 0.1260x− 0.3516x2

+0.2843x3 − 0.1036x4)
(2)

The airfoil shape is depicted in Fig. (1) below.

Figure 1: NACA 0012 airfoil section

1F. D. Witherden, A. M. Farrington, and P. E. Vincent.
“PyFR: An Open Source Framework for Solving Advection-
Diffusion Type Problems on Streaming Architectures using the
Flux Reconstruction Approach.” arXiv:1312.1638. Web. 7 May
2014

2H. T. Huynh, “A reconstruction approach to high-order
schemes including discontinuous Galerkin for diffusion.” AIAA
Paper 2009-403. Print.

3P. Persson and J. Peraire, “Sub-cell shock capturing for dis-
continuous Galerkin methods.” AIAA Paper 2006-112. Print.

The farfield boundary conditions are set for sub-
sonic inflow and outflow, respectively; and the air-
foil surface is set as a no-slip adiabatic wall.

A mesh consisting of 8960 quad elements is used
to define the fluid domain. Third-order curvilin-
ear elements are generated using Gmsh4, an open
source three-dimensional finite element meshing
package developed by Christophe Geuzaine and
Jean-François Remacle. The farfield boundary is
a circle centered at the airfoil mid chord with a ra-
dius of more than 1000 chord lengths away from the
actual airfoil boundary in order to minimize issues
associated with the effect of the farfield boundary
on lift and drag coefficients as illustrated in Fig. (2)

Figure 2: Computational mesh consisting of 8960
3rd order curvilinear quad elements

Simulation
Solution

PyFR is one of a select few open-source projects
that implements an efficient high-order advection-
diffusion based framework for solving a range of
governing systems on mixed unstructured grids
containing various element types. PyFR is under-
going active development by a team of researchers
at Imperial College London promoting Huynh’s
Flux Reconstruction approach. PyFR leverages
CUDA and OpenCL libraries for running on GPU
clusters and other streaming architectures in addi-
tion to more conventional HPC clusters.

Rescale has recently introduced our GPU “Core

4C. Geuzaine and J.-F. Remacle, “Gmsh: a three-dimensional
finite element mesh generator with built-in pre- and post-
processing facilities.” International Journal for Numerical
Methods in Engineering 79 (2009): 1309-1331. Print.
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Type” which allows end-users to configure their own
GPU clusters to run their simulations on-demand
across multiple NVIDIA Tesla co-processor cards.
This enables users to decompose their large com-
putational discretized domains into smaller sub-
domains with each running concurrently on its own
dedicated Tesla co-processor.

The discretized computational domain shown in
Fig. (2) was decomposed into four parts and the
simulation run on Rescale using a GPU cluster
consisting of two nodes and four NVIDIA Tesla
co-processors. Distributing the simulation in this
manner is purely illustrative as the simulation only
requires 65 MB of memory which could run entirely
on a single GPU. A fourth-order spatial discretiza-
tion (p4) solution was advanced in time via an ex-
plicit Runge-Kutta time integration scheme for 20
seconds using a time step of 5.0e-05 seconds (i.e.
400,000 total steps).

Figures (3 & 4) show plots resulting from the sim-
ulation of the Mach contours and pressure coeffi-
cient, Cp distribution around the surface of the air-
foil, respectively.
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Figure 3: Mach contours for viscous subsonic flow
around a NACA 0012 airfoil at t = 20

The coefficients of lift and drag were computed from
the simulation’s results as:

cL = 0.3520217

cD = 0.02262599

with corresponding errors of 9.3876e-06 and
5.9600e-08, respectively. Here the error is calcu-
lated from a reference solution that was run using
143,360 quad elements.

Figure 4: Pressure coefficient, Cp for NACA 0012
at α = 1◦ and t = 20

Summary

It has been shown5 that the Flux Reconstruction al-
gorithm used in PyFR can recover other well-known
high-order schemes. As a result, it provides a
unifying approach–or framework–for unstructured
high-order CFD; one which is also particularly well-
suited to run on GPU and other streaming archi-
tectures. As current advances in CFD become more
mainstream, we may see a shift in the types of com-
puting hardware on which these types of simula-
tions are run.

Rescale has positioned itself at the forefront of these
advancements by enabling users to provision their
own custom GPU clusters to run a variety of scien-
tific and engineering focused software tools which
leverage these architectures with only a few simple
clicks of a mouse in an easy-to-use, web-based in-
terface.

5Vincent, P.E., P. Castonguay, and A. Jameson. “A New Class
of High-Order Energy Stable Flux Reconstruction Schemes.”
Journal of Scientific Computing. Web. 5 Sep. 2010.
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Rescale

Rescale offers a software platform and hardware
infrastructure for companies to perform scientific
and engineering simulation. Rescale’s mission is to
provide a highly powerful simulation platform that
empowers the world’s engineers and scientists to
develop the most innovative products and perform
groundbreaking research and development.
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